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SPECTRAL ESTIMATION: BASIC THEORY

Ihe spectral content, Y(w), of the process which produces a time
ependent (observed) signal, y(t), is mathematically defined as:

00
Y@ = [y eivt
—0
Obviously not all time data, from the beginning to the end of time,
is available for calculating the spectral content, Y(w). A time
window (T _window) segment of y(t) is used for a computer spectral

estimation (e.g. Fourier Transform) calculation:

y(t) ¢ Window(t)

y ()
1,

]
[

where: Window(t) 55 ty S S t; + T_window

0 if ti + T window < ¢t £ ®

For illustration:
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y(t):

1.0

Window(t) :

| #=— T window —=|
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ti t + T w1ndow

Thus the spectral content would be defined as:

. t + T window
Y, = [y ed¥ta - IR ACK R
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The Fast Fourier Transform (FFT) algorithm was the favorite computer
method during the 1970’s and 1980’s for approximating Yi(w). The
FFT assumes yi(t) is one period of data from the periodic y(t) and
that Yi(w) is band-limited. Discontinuities at the beginning and
ending of the data window caused Yi(w) to be convolved with a Sinc
function. Attempts to remove the Sinc function caused users to
investigate the world of windows [3, 4]. The idea was to multiply
y(t) by a window function, w(t), that would eliminate the
discontinuities (or better yet, the effects thereof) at the window

edges. To illustrate:

yi(8) = y(t) o w(t)
discontinuities likely at window edges
|
T v T I v = VI £+ @
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|¢— T window —|
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: continuous at :
window edges
by t;+ T_window

There is no discontinuity when yi(t) is repeated and connected to
itself. Window functions basically modify each point of yi(t), thus

forcing a bias upon Yi(w) and other errors [5].

Modern spectral estimation algorithms map an input data sequence of
N points into a pseudo-sequence process estimate containing only M
terms (points). The pseudo-sequence mapping tries to retain the
same spectral content as the original N points of data. To do this
N - M points are filtered to remove the detected spectrum, leaving

no spectral content (i.e. a white noise signal).
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T window — i H(z) T window — =—
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| | white noise
+— M = #—— N - M —=

#—— N points

The M points form in effect a shorter "effective T window" since the
¥ - M points are discarded. This smaller window produces a Sinc
function with a lower frequency than if all N points had been used.
At this lower frequency the Sinc function sidelobe peaks are farther
2part and thus there are fewer of them within the Nyquist frequency
Iimit. This reduces the number of false peaks (i.e. spectral
artifacts) which aids in determining the true spectral content,
Y(w). ("M" is defined as the sum of the parameters NPOLES and
NZEROS.)

In order to illustrate the affect on a Sinc function of varying the
data window length, note that the Sinc function has the form:

Sin(w/effective T _window)

Sinc(w)

w/effective T window

Thus increasing the effective T window length results in the

following relative changes in the Sinc function for a given w.

T window: "small" "large"
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10 a-main-peak and its-adjacent sidelobe péqks as shown: in-

aboye waveform.

—Another-thing-to-wateh-for-is w.
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-~ Integration Process
== ~for ==
_Fourier Transform (FT)_

J 'Sa'mpl_e size (I.e. 'nP_oints') |
o Effects from Windowing data
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Windowing Data

discontinuities likely at window edgesg

continuous at
window edges
ti+ T_window
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Windowing Artifacts
may. proﬂuce a.Sinc function: -

_Iwindow.
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Spectral Problem Scalvmg

Impo_rtant Peaks

Peak Separation distance in Time

delta T

—1

Jeaks get C

detérmmmg bo
challengeforv
a give & take.

order to take/g

maller-deltar |

Optimal-Designs-Enterprise
goal-driven.net

s:de by side

oSer: to edch: other,

th peaks becomes a

rious PSD methods. Kind of
Give/allow some Artifacts in —
et more Spectral-content.

., fewerpeaks detecied by
m‘aAy methods. ' '




SpeCtraI Problem-Salving |

Zero-Fill Effects

Most-Fourier-Transfer (FT-)~and Power-Spectral-Density.
(PSD)-methods ulre arrays to estimate a Spectrum
content.—Given: nPoints"of time-data a method's arrays
must-be larger-than nPointsj The extra-add-on-cells are
called Zero-Fill-since their. value are-Zero. The
following-plots show.the same Spectrum, but continue.

to fill-in_the spectrum as the arrdy Size incredses. Are
your-darrays-large:enough. for your project?
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Zero-Padding or Zero-Filling -
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- Zero-Padding or Zero-Filling
(cmi\t.)

4= nPoints— 32 * nPoints
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Spectral Problem Scalvmg

Power Spectral Density (PSD) Methods
vs. True PSD

— The following-plots show: different responses to various
methods used tl) estimate Lhe True PSD shown:in-the
center plot. ThJs_T:me-dat ‘used for NEJII these responses
is attached: for your testing of other | ethods. How does

- your-method compadre to the-True PS’D plot?- This-test

should-give an-ided-where your-methods-are strong-or
=— _ _ _ _
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Spectral Problem-S
-Time Dataset for. True

(6.3307, -0.174915)
(-1.33539,-0.03044)
(3.61896, -0.260459)
(1.87513,-0.323974)
(-1.08561,-0.136055)
( 3.99114,-0.101864)
(-4.10184, 0.130571)
(155399, 0.0977916)
(-2.1258, -0.306485)
(-3.27873, -0.0544436)
( 0.241218, 0.0962379)
(-5.74708, 0.0186908)
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(-0.0165977, 0.237493)

(-3.28921,-0.188478)
(-1.31227,-0.120636)

- (0.745251, 00679571 |
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(-1.77199,-0.416229)
(2.56419,-0.270373)
( 0.21325,-0.232544)
(2.23409, 0.236383)
(2.2949, 0.173061)
( 1.09186, 0.140938)
(2.29353, 0.442044)
( 0.695823, 0.509325)
( 0.759858,0.417967)
(-0.354267, 0.506891)

(-0.594517, 0.39708)

(-1.88618, 0.649179)
(-1.39041, 0.867086)
(-3.06381, 0.422965)
(-2.0433, 0.08255[4)

~ (-2.1628, -0.0933218)
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-True -PS for

TRUE PSD

Optimal Design
goal-drive

omparison

s, Enterprise
n.net




ILLUSTRATICN OF SPECTRAL ESTIMATION METHODS
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Spectral Problem-Solving

~ Summary

e Artifacts: eliminated all-of them? In-the
process, does your FT/PSD methoed

- detect-all-spectrum above a minimum
threshold? . _ _

e Zero-Fill: enough:padding te give good

-_freguency resolution?.

o Peak-Densi}y: able:to-'see side by.side
peaks of-importance? | |
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